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Abstract 

 In this paper, we discuss numerical methods to solve both linear and nonlinear Fredholm integral equations of the 

second kind, we also compare their results. We intend to approximate solutions of this kind of equations by the direct 

computation method, a collocation method, the mean value method and the method of successive approximation. 

Moreover, Numerical examples are presented to illustrate methods. 
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Introduction 

 

Integral equation is an essential tool for various 

areas of applied mathematics. Finding the exact 

solution of an integral equation analytically is not 

easy in general, so the approximate solution is 

often necessary to find. 

In the past several years, the integral equations 

have been solved numerically by several methods 

(for example, see Wazwaz 2011 and Kress 2014). 

Our aim is to propose simple and effective 

methods for obtaining solutions for Fredholm 

integral equations of the second kind. Several 

numerical methods with a similar subject area have 

been introduced, such as the direct computation 

method and the method of successive 

approximation ( see e.g. Wazwaz 2011), 

collocation methods (see e.g. Zhongying 

et al. 2006, Maleknejad and Nedaiasl 2011), the 

mean value method (Heydari et al. 2013), etc. 

We consider the Fredholm integral equation of the 

second kind (FIE)  

 ( )   ( )   ∫  (     ( ))   
 

 

     ( ) 

where      ,      and   are all constants and 

    are both known functions where   

 ([   ]  ) and    (    ),   [   ]  
[   ]   , while  ( ) is unknown function to be 

determined. In the case  (     ( ))  

 (   ) ( ) for some    (   ), The FIE is 

called linear integral equation. Otherwise, it will 

be nonlinear. 

If the linear integral equation has solution, it will 

be unique. In general, the solution of the nonlinear 

integral equation is not unique. However, the 

existence of a solution with specific conditions is 

possible. 

 

Numerical Methods for Solving the FIE 

 

The purpose of this section is to review some  

techniques for solving specific cases of  the FIE, 

which are the direct computation method, a 

collocation method, the mean value method and 

the successive approximation.  

 

The Direct Computation Method (DCM) 

The method approaches the problem directly and 

gives all possible solutions of the FIE if the 

equation has more than one solution. 

Let the kernel  (     ( )) has the form 

 (     ( ))  ∑   ( )  (   ( ))
 

   
  

 The equation (1) becomes: 

 ( )   ( )    ∑   
 
( )∫   (   ( ))  

 

 

      ( ) 

We set    ∫   (   ( ))  
 

  
. Hence, we can 

rewrite the previous equation as 

 ( )   ( )    ∑   ( )   
 

          ( ) 

By substituting   ( ) from (3) into (2), we get 

    ∫   (   ( )      ( )  )
 

 

          ( ) 

where        . Then (4) is a system of   
equations with the same number of unknowns 

       , which can be solved by for example 

Newton’s method to obtain the unknowns   . This 

method gives the exact solutions. Note that this 

system can be nonlinear, so there may exist more 

than one solution. 
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A Collocation Method (CM) 

First, approximate the unknown function  ( ) as 

 ( )   ( )  ∑   
                    ( )

 

   

 

where   (        ) are unknown coefficients to 

determine (note that the previous form is not 

unique, we can choose other maps to approximate 

 ( )). By substituting (5) into (1) we get: 

    
    

    

 ∫  (     ( )      
    

   )          
 

  
( )  

 

Choose {   }   
 

 to be a sequence of distinct points 

and collocate it in equation (6), such that      

  for all  . Hence, we obtain a system of   number 

of (linear or nonlinear) algebraic equations with 

the same number of unknowns. For solving the 

above system, we can use various methods. 

Obtaining more than one solution is normal for a 

nonlinear equation.  
 

The Mean Value Method (MVM) 

Mean value theorems for both derivatives and 

integrals are very powerful tools in mathematics. 

Recently, some applications of this theorem is 

solving different classes of FIE. The results are 

promising and the method is very simple. 

By applying the mean value  theorem to the 

equation (1), since the function   is continuous,  

we have  

 ( )   ( )   (   ) (     ( ))      ( ) 

where   [   ]. Now, we must just find   and 

 ( ) as unknowns. Substitution of   into (7) gives 

the following equation 

 ( )   ( )   (   ) (     ( ))         ( ) 
For constructing another equation containing both  

  and  ( ) we substitute (7) into (1)  and then by 

substituting       , we have  

 ( )   ( )   ∫ (     ( )

 

 

  ( 

  ) (     ( )))        ( ) 

Now, we solve equation (8) and (9) 

simultaneously. 

  

The Method of Successive 

Approximation(MSA) 

In this method, we replace the unknown function 

under the integral sign of FIE by any real valued 

function   ( ). The first approximation will be 

defined by  

  ( )   ( )   ∫ (      ( ))      

 

 

 

This process can be continued in the same manner 

to obtain the n
th

 approximation: 

  ( )   ( )   ∫ (        ( ))     

 

 

(  ) 

 In other words, the various approximations of the 

solution  ( ) of (1) can be obtained in a recursive 

scheme. 

This process of approximation is extremely simple. 

However, if we follow the Picard’s successive  

approximation method, it needs to set   ( )  
 ( ). 
This method, although it is reliable to solve 

integral equations but it will give only one 

solution, but this 

will not indicate that nonlinear equation gives only 

one solution. Also, the convergence of MSA not 

only depends on the equation itself but also on our 

choice for   ( ). 
Illustrative examples 
 

In this section we consider examples that show the 

efficiency of DCM, CM, MVM and MSA for 

solving the FIE. It is important to note that all 

numerical computations are performed using 

Matlab software. 

Example 1: We consider the following FIE: 

 ( )      ∫      ( )  
 

 

             (  ) 

First, we will use the DCM to solve it. As 

indicated before ( see equation (4)) we set 

  ∫    ( )  
 

 

            (  ) 

The equation (11) carries (12) into  ( )      
      We substitute the last equation into (11) to 

obtain  

  ∫   (        )  
 

 

             

By integrating the right hand side and solving for 

 , we get 

 ( )      
 

    
                (13) 

which is the exact solution of (11). 

Next we will use the CM, let 

 ( )                
 . 

 From (6), we get 

          
  ∫     (

 

 

          

    
 )    

After choosing the points          to be        
and  , we get the system: 
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After computing the solution of this system, we 

have 

 ( )                     
                 (14) 

By applying the MVM on (11), we obtain 

 ( )           ( )             
From (8) and (9), we have       (     ) and 

              , so 

 ( )                                 (  ) 
Finally, let 

  ( )   
  ,             (16) 

by using the MSA we have  

  ( )   
        

    ( )   
   
  (    )

 
  

  ( )   
   
  (    )

 
         

Actually, these approximations are not good, and 

even when we change the initial function, this 

method didn't give a good result, the best one that 

was obtained is    . 
To see how good the previous solutions see figures 

(1), (2) and (3).  

 
Figure 1: comparison between the exact solution (13) and its 

approximation (14). 

Figure 2: presents the exact solution (13) and its 
approximation (15). 

 
Figure 3: comparison between the exact solution (13) and its 

approximation (16). 

Example 2: We consider the FIE as the follows: 

 ( )    
  

  
   ∫     ( )  

 

 
. 

According to DCM, there are three real solutions 

given by 

             
 

 
    

After applying the CM (three points), we had three 

solutions but two of them are complex, so we have 

only one real solution which is  

 ( )             
Although we pick several initial values of   ( ), 
but all the results of the approximate solutions of 

the integral equation that are obtained using MSA 

are converged to       , and the best one was 

                 (17) 

See Figure (4). 

 

Figure 4: Absolute error for (17). 

Example 3: We now consider the FIE: 

 ( )  
 

 
  
 

 
∫     ( )  
 

 

  

 

With the exact solutions are      (both the DCM 

and MVM lead us to obtain the exact solutions). 

Although we pick several initial values of   ( ), 
but all the results of the approximate solutions of 

the integral equation that are obtained using MSA 

are converged to   ( )    , and the best one was 

  ( )              
Example 4: We now consider the nonlinear FIE 
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 ( )      ( )  
 

 
 
 

 
∫   ( )
   

 

     

The exact solution of this integral equation is 

obtained (by DCM) as follows 

 ( )      ( )   
The approximate solutions of the integral equation 

by  using CM (two points) are 

  ( )      ( )           
  ( )               . 

Conclusion 

We have obtained the approximate solution of the 

unknown function by the direct computation 

method (DCM), mean value method(MVM), 

collocation method(CM), and the method of 

successive approximation(MSA), note that we 

assumed that the FIE has a solution without 

discussing the converge conditions. Several 

illustrative examples are examined in detail. The 

MSA approximates to one solution and the 

convergence depends on the initial value. CM 

gives us a good approximation if we take large 

number of points. DCM is the best for separable 

FIE. The success of numerical methods used for 

solving FIE depends on the type of kernel 

function. The examples confirm the accuracy of 

the mean value method is often more than the 

other methods when the FIE is not separable. 
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